We report on original nonlinear spectral-hole burning experiments in single wall carbon nanotubes that bring evidence of pure dephasing induced by exciton-exciton scattering. We show that the collision-induced broadening in carbon nanotubes is controlled by exciton-exciton scattering as for Wannier excitons in inorganic semiconductors, while the population relaxation is driven by excitonexciton annihilation as for Frenkel excitons in organic materials. We demonstrate that this singular behaviour originates from the intrinsic one-dimensionality of excitons in carbon nanotubes, which display unique hybrid features of organic and inorganic systems. Single wall carbon nanotubes (SWNTs) are rolled graphene sheets with nanometric radial quantum confinement, and the translation invariance along the tube axis makes them a reference one-dimensional (1D) system [1] . The one-dimensionality of carriers in SWNTs results in strong Coulomb interactions. The first striking signature is the non-perturbative binding of an electronhole pair into an exciton due to the attractive Coulomb potential [2] . The excitonic binding energy is found to be approximately one third of the single-particle gap [3, 4] and it opens the way for carbon-based optoelectronic devices operating at room-temperature [5] [6] [7] . Such a phenomenology resembles the binding of Frenkel excitons in organic materials. In these compounds, exciton-exciton collisions are known to control the population relaxation through an efficient exciton-exciton annihilation (EEA). This Auger process is one type of collisions where one exciton recombines and gives its energy to the second one, that is promoted to a high-energy state, resonant with the continuum of electron-hole pairs (Fig.1) . This nonradiative recombination pathway plays a key role in the population relaxation of Frenkel excitons in organic materials, especially J-aggregates [8] and conjugated polymers [9] . On the contrary, for Wannier excitons in inorganic bulk semiconductors or quantum wells [10] , manybody effects first manifest as elastic exciton-exciton scattering (EES) that redistributes the population within exciton bands ( Fig.1 ) and leads to self-broadening of the excitonic transition. In the prospect of applications, the understanding and the control of the excitonic nonlinearities appears as a central issue for the development of optoelectronic devices, such as lasers, switches or quantum light sources [5] [6] [7] [8] [9] [10] .
In SWNTs, several time-resolved experiments have shown evidence for efficient EEA that drives the population dynamics even at low exciton density [11, 12] . This observation supports the analogy with organic materials and further raises the question of the excitonic decoherence in SWNTs. In organic compounds, the decoherence induced by exciton-exciton collisions comes from the population relaxation due to EEA, whereas in inorganic systems it consists in pure dephasing by EES (the pure dephasing being usually characterized by the T 2 time given by 1/T 2 = 1/2T 1 + 1/T 2 where T 1 and T 2 are the population and coherence relaxation times, respectively). In inorganic semiconductors, the EEA process also affects the relaxation dynamics but at very high excitation densities. On the contrary, the lack of evidence for EES in organic materials is in very high contrast to inorganic semiconductors, as pointed out in Ref. [13] . Here, we show that the collision-induced broadening of excitons in carbon nanotubes is controlled by EES as for Wannier excitons in inorganic semiconductors, while the population relaxation is driven by EEA as for Frenkel excitons in organic materials. Our measurements are performed by means of an original technique of spectral hole-burning spectroscopy, that allows us to explore the exciton decoherence over three decades of excitation density. We observe that the collision-induced broadening is not limited by EEA and we demonstrate that the major contribution consists in pure dephasing by EES. Our interpretation is supported by theoretical calculations of the excitonic nonlinearities in SWNTs, and a quantitative agreement with our experimental results is obtained by calculation of EES based on a nonequilibrium formalism within the second Born approximation.
We have studied SWNTs synthetized by laser ablation of a doped graphite target and purified by ultrasonic and chemical treatment [14] . Semiconducting SWNTs contribute to the optical absorption by inhomogeneously broadened lines centered at 0.75 and 1.3 eV, respectively [14] . Metallic SWNTs absorb at higher energies around 1.9 eV [14] . Our work is focused on the fundamental excitonic transition in semiconducting SWNTs absorbing around 0.75 eV (Fig.2, inset ). In the prospect of evidencing the intrinsic properties of 1D excitons, we have tried to suppress the influence of external non-radiative relaxation processes as much as possible. Therefore, the SWNTs are first isolated by the micelle-wrapping technique [15, 16] which allows the observation of a bright photoluminescence signal, as shown by the bottom curve in the inset of Fig.2 . The individual SWNTs are further embedded in a gelatin matrix following the procedure described in Ref. [17] , in order to perform measurements at cryogenic temperatures thus minimizing the contribution of exciton-phonon dephasing.
Nonlinear spectral hole-burning experiments were performed around 0.8 eV (λ∼1.55 µm) [18] . Our study under cw-excitation differs from previous nonlinear optical measurements which focused on the ultrafast coherent nonlinear response and its specific aspects in the context of 1D excitons in SWNTs [19] . In our spectrallyresolved pump-probe differential transmission measurements, a narrow pump laser centered at 0.8 eV (indicated by the vertical arrow in the inset of Fig.2 ) partially saturates the absorption of the SWNTs that are in resonance. The corresponding sub-ensemble of SWNTs reduces the overall absorption of the sample in a spectral window determined by the homogeneous linewidth Γ. The photoinduced bleaching of the SWNTs sample is detected by recording the change of transmission of a tunable probe laser. A typical spectrum of the pump-induced differential transmission ∆T /T of the probe laser is displayed in Fig.2 . The nonlinear signal exhibits a pronounced bleaching with an amplitude of 3×10 −4 and a full width at half maximum (FWHM) of 6 meV, that is attributed to the excitonic hole-burning signal of the SWNTs. This component is superimposed on a negative signal, which corresponds to a residual non-resonant photo-absorption that is also detected at very large detuning with the pump laser.
The analysis of absorption saturation measurements obeys different rules depending on the fermionic or bosonic statistics of the elementary excitation of the system. In the case of excitonic transitions, the saturation of absorption is not due to a redistribution of an electronic population among the ground and excited states as in atomic systems, but to a change of the oscillator strength f and homogeneous linewidth Γ of the excitonic transition on raising the exciton density, as described in Ref. [20] . When analyzing our measurements as a function of pump power (see details of the technical aspects in the supplemental material [21] ), we take advantage of the different signatures of collision-induced broadening (∆Γ) and oscillator strength renormalization (∆f ) to disentangle these two components and extract their contribution to the nonlinear response (Fig.2, green and blue dashed  lines) . The result of our data analysis is summarized in Fig.3(a) where we display the relative variations of the homogeneous linewidth ∆Γ/Γ (full circles) and oscillator strength −∆f /f (open squares) as a function of the pump power. Although both components are required to fit the width and amplitude of our differential transmission signal (Fig.2) , we find that ∆Γ/Γ provides the major nonlinearity, thus leading to a good relative precision in its estimation but to a larger uncertainty for the minor contribution of −∆f /f , as seen in Fig.3(a) . In the prospect of the quantitative interpretation of exciton dephasing in SWNTs, we finally stress that the recording of both collision-induced broadening and oscillator strength renormalization appears to be a fundamental feature for extracting the relative contributions of EEA and EES, which are at the heart of this paper. We have developped a theoretical model (described below) that leads to a global quantitative interpretation of our measurements with the exciton Bohr radius a B as the only free parameter. Its estimation is strongly constrained by the simultaneous comparison of −∆f /f and ∆Γ/Γ with our theoretical predictions, and we find a B =5±2 nm (Fig.3(a) ). This value is consistent with the calculation of the Bohr radius for SWNTs with a diameter of 1.2 nm (i.e. an excitonic transition around 0.8 eV) inside a micelle structure [2, 22, 23] . In fact, our study reveals the original phenomenology of 1D excitons in SWNTs, where the exciton Bohr radius is of the order of magnitude of the nanotube diameter. This results in physical properties usually separately observed in inorganic and organic materials, as detailed below.
In the framework of the model developped by SchmittRink et al. for excitonic nonlinearities in 2D quantum wells [20] , we first discuss the analysis of the oscillator strength renormalization by using the expression ∆f f = − n ns , which is valid for small perturbation (n n s ), where n is the exciton density, and n s the saturation density. The exciton density n is fixed by the characteristic parameters of the population relaxation in SWNTs. Its estimation for a given pump power is a key factor and requires a careful analysis (see supplemental material [21] ). The saturation density n s is fixed by two mechanisms, which are both related to the exclusion principle: phase space filling corresponding to the conduction and valence band filling under generation of excitons, and exciton wave-function renormalization due to the screening of the electron-hole interaction in the presence of other carriers [20] . Let us arbitrarily define the Mott density n M by 1/πa 2 B and 1/2a B for 2D and 1D excitons respectively, with a B the exciton Bohr radius. In 2D quantum wells, Schmitt-Rink et al. showed that 1/n s =(C P SF + C EW R )/n M where C P SF =32/7 and C EW R ∼3.94 are the numerical coefficients associated to phase space filling and exciton wave-function renormalization, respectively. We have extended the theoretical treatment of Ref. [20] to the case of 1D excitons. We find C P SF =3/2 and C EW R =1/4, thus showing that there is no dramatic dimensional effect on these coefficients, and that phase space filling predominates when increasing the confinement.
The variations of ∆Γ/Γ with pump power characterize the effect of collision-induced broadening (we checked that there is no thermal effect due to the pump). The first striking feature is the sublinearity of the collision-induced broadening as a function of the excitation density, as illustrated by the linear-linear plot of ∆Γ in Fig.3(b) . Under the assumption [21] of a linear dependence of the collision-induced broadening on the exciton density, our data indicate that the stationary exciton density does not depend linearly on the pump fluence (so that ∆f /f is also sublinear with the pump power). This phenomenology is the manifestation of the interband Auger process of EEA depicted in Fig.1 . Several groups have brought evidence by means of time-resolved experiments that this mechanism controls the relaxation dynamics of the exciton population in SWNTs [11, 12] . In our measurements performed under cw-excitation, EEA results in a sublinear variation of the stationary exciton density with the pump power [21] . The predominance of EEA in the population relaxation is in fact not specific to excitons in SWNTs and is a general trend for Frenkel excitons in conjugated polymers or J-aggregates [8, 9] .
We show now that this similarity between organic materials and the pure carbon-based nanostructures formed by SWNTs breaks down for the coherence relaxation induced by exciton-exciton collisions. In Fig.3(b) we have displayed in solid blue line ∆Γ EEA , the contribution of EEA to collision-induced broadening given by 2 An where A is the Auger annihilation coefficient defined in Ref. [24] . Since EEA drives the population relaxation, it also induces coherence relaxation but it is not sufficient to account for the excitation power dependence of the spectral broadening. This issue is totally unaddressed in the literature, and the quantitative interpretation of our experimental results presented in Fig.3 is achieved by taking into account EES. This intraband mechanism corresponds to the exciton-exciton collisions that lead to pure dephasing by quasi-elastic exciton scattering within the fundamental exciton band (Fig.1) . The calculation of the self-broadening due to EES requires the theoretical framework of the second Born approximation which was successfully applied for 3D and 2D excitons [25, 26] . This theory is also mandatory in 1D because of the divergence of the exciton density of states at the band edge, reminiscent of Van Hove singularities. In the framework of the regularization procedure of the Coulomb interaction based on a contact potential [24] , we find:
where Γ =Γ+∆Γ EES with Γ=6 meV the homogeneous linewidth without exciton-exciton interactions, µ the excitonic reduced mass, Λ=
with m e and m h the electron and hole masses equal to 0.1m 0 [1] , I( q) the matrix element of fermion-fermion exchange interactions given by
, and E b the exciton binding energy of 250 meV [2] [3] [4] .
The competition between EEA and EES is at the heart of the physics governing the collision-induced broadening in SWNTs. The efficiency of these excitonic collision processes is conveniently characterized by the dimensionless parameters ξ EEA and ξ EES , where the collisioninduced broadening is expressed as ∆Γ = E b ξ n nM , with ξ=ξ EEA +ξ EES . The linear dependence of ∆Γ with E b stems from the Coulomb nature of exciton-exciton interactions which impose the typical energy scale of electronic correlations between excitons. Space filling is expressed by the ratio n/n M . The numerical values of ξ EEA and ξ EES depend on the Auger annihilation rate A, exciton binding energy E b and exciton Bohr radius a B (see above). Our fitting procedure consists in analyzing our whole set of data with a B as the only free parameter, other quantities being documented in the literature [21] . The estimation of a B =5±2 nm thus leads to the values ξ EEA =0.14 and ξ EES =0.27. While the exciton binding energy E b comprises the modification of the electronic Coulomb correlations, the ξ EES factor contains the information on the density of final states in the scattering process, which is also strongly dimension dependent. From Table 1 where we observe that the ξ EES factors decrease on reducing the exciton dimensionality, we conclude that the strong efficiency of EES in SWNTs arises from the exciton binding energy which is indeed two orders of magnitude larger than for 3D or 2D excitons, and imposes the overall increase of the collision-induced broadening with confinement, since E b ξ EES reaches its highest value in 1D (Table 1) .
As far as the interplay between EEA and EES is concerned, an important parameter appears to be the ratio E b /E g where E g is the single-particle energy gap. As pointed out in Ref. [24] , the efficiency of EEA scales like E b /E g , and so does ξ EEA , thus explaining the predominance of EEA in strongly bound Frenkel excitons in organic materials. We therefore conclude that SWNTs characterized by an exciton Bohr radius a B =5±2 nm correspond to an intermediate confinement regime between Wannier and Frenkel excitons, at the frontier of inorganic and organic materials.
In summary, we have shown that the collision-induced broadening of excitons in carbon nanotubes is controlled by EES as for Wannier excitons in inorganic semiconductors, while the population relaxation is driven by EEA as for Frenkel excitons in organic materials. Our study reveals the striking hybrid properties of 1D excitons in carbon nanotubes at the crossover of molecular systems and solid-state nanostructures. Our work motivates the exploration of possible scaling laws as a function of the nanotube diameter and the investigation of the limit cases of excitons in nanotubes of very large diameter, corresponding to graphene, and vanishing diameter, such as π-conjugated polymers.
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